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Multiphoton double ionization of helium by ultrashort XUV pulses:
Probing the role of electron correlations
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We investigate multiphoton double ionization of helium by ultrashort XUV pulses involving up to 5 XUV
photons by numerically solving the time-dependent Schrödinger equation for helium in its full dimensionality.
We explore the crucial role of dynamical electron correlations by systematically varying the pulse duration and
the number of absorbed photons. With increasing photon number, a multitude of ionization pathways opens
up. The relative importance of correlations varies with pulse duration. Even in the spectrally sequential regime,
correlation effects become increasingly important as the pulse duration becomes shorter and as the number of
absorbed photons is increased. We identify a pathway to double ionization (DI) involving correlated excitation
ionization as an intermediate step which can provide a contribution to the total DI yield comparable to the
conventional direct sequential double ionization. Supported by concurrent classical trajectory Monte Carlo
simulations, we identify strong electron-electron correlations in double ionization even at large distances from
the nucleus.
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I. INTRODUCTION

Electron-electron correlations play an important role in
many physical processes of multielectron systems. Their
satisfactory description is often quite challenging. Double
ionization (DI) of the helium atom by light fields or charged
particles represents one of the simplest prototypical cases for
which dynamical correlations have been extensively studied,
both experimentally and theoretically [1–5]. For the descrip-
tion of the most fundamental perturbative limit of one-photon
double ionization (1PDI), inclusion of correlation is even
conditio sine qua non, as on the Hartree-Fock level only
shake-off processes would occur [3,4,6–9]. 1PDI has attracted
considerable attention over the last few decades [3,4,10–13].
The recent renewed interest in 1PDI is stimulated in part by
the availability of high-intensity, high-energy photon beams at
free-electron laser (FEL) sources [14–17], which enables the
in-depth exploration of nondipole effects.

In the opposite strong-field limit, i.e., the nonperturba-
tive strong-field double ionization (SFDI) by intense infrared
(IR) laser pulses, correlation effects have been identified in
terms of the prominent “knee” structure [18–20] in the total
DI yield as a function of intensity, signifying nonsequential
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double ionization (NSDI) by electron impact ionization of
the second electron following ionization and acceleration of
the first electron. Correlated as well as anticorrelated electron
emission could be identified in joint momentum spectra along
the laser polarization axis [21–27], and simplified classical
and quantum models have been employed to shed light on
the underlying final-state correlation effects [28–34]. Fully
ab initio quantum simulations in their full dimensionality of
the strong-field regime still represent a major challenge and
only a few pioneering results have recently become available
[35,36].

Multiphoton double ionization (MPDI) bridges the gap be-
tween the perturbative 1PDI and highly nonperturbative SFDI
limits. The recent availability of strong XUV pulses gener-
ated by FEL [17,37–39] and high-order-harmonic generation
(HHG) [40–42] have opened up opportunities to study MPDI
processes previously only sparingly explored experimentally.
For MPDI, the full numerical solution of the time-dependent
Schrödinger equation (TDSE) is still within reach and accu-
rate theoretical predictions are still feasible. Most studies have
so far focused on the simplest MPDI, i.e., two-photon double
ionization (2PDI) of helium [11,12,43–80] or of heliumlike
ions [81]. Traditionally, the borderline between strongly and
weakly correlated 2PDI is considered to lie in the spectral
domain at the XUV photon energy of the second ioniza-
tion potential of He [i.e., the ionization potential of He+
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(1s)], h̄ωXUV = I2 = 54.4 eV. Above I2, double ionization
can occur by sequential ionization of He and He+ follow-
ing the successive absorption of two temporally separated
photons. Conversely, for photon energies in between half
of the threshold for double ionization, IDI = I1 + I2 and I2,
IDI/2 < h̄ωXUV < I2, only NSDI can take place as the two
electrons in the exit channel must share the energy delivered
by the two photons in order to jointly escape. Dynamical
final-state correlations are therefore a prerequisite for NSDI
to unfold. For ultrashort XUV pulses with pulse durations
Tp in the attosecond regime, however, this spectral borderline
between uncorrelated sequential double ionization (SDI) and
NSDI becomes blurred and even hardly observable [67]. This
is not only due to the large spectral Fourier width of the
ultrashort pulse (�ω ∼ 1/Tp) simultaneously covering both
the sequential and nonsequential spectral regimes. Conceptu-
ally and more importantly, strong electron-electron correlation
develops in the time domain as the two electrons must es-
cape from the atom in close temporal (limited by Tp) and
spatial proximity. Consequently, even for photon energies
well above I2, the nominally sequential ejection of the two
electrons will be confined to a small time interval, rendering
the electron-electron correlation effects prominent [67]. The
single-ionization continuum has been recognized as the dom-
inant intermediate state in either sequential or nonsequential
2PDI. Therefore, a virtual sequential picture [37,51,73,74] is
able to provide a unified description for both sequential and
nonsequential 2PDI.

Multiphoton double ionization involving more than nph =
2 XUV photons has so far been the focus of only a few
theoretical [82–87] and experimental [88,89] works where
photoabsorption of up to nph = 5 photons was considered.
Both solutions of the full-dimensional TDSE [36,82–84] as
well as of a one-dimensional model [85] provide informa-
tion on the total DI probability as well as on the angular
distributions. Exploiting the resonant two-photon excitation,
strong deviations from the intensity scaling ∝ I5 expected for
a perturbative 5PDI process were found in the experiment [89]
when the XUV photon energy was tuned across the resonant
two-photon excitation in He+ [1s → 2s]. In the present work,
our aim is to systematically explore the MPDI of helium
involving up to five photons as a function of the duration
Tp of the ultrashort attosecond to femtosecond XUV pulse
which, so far, has not received extensive attention. We focus
on the role of electron correlations in both the time and spec-
tral domains for these higher-order photon processes where
a multitude of pathways can contribute. Even though these
pathways represent spectrally sequential processes, dynamical
correlation effects can become increasingly important. We
identify a previously neglected pathway to DI involving a cor-
related excitation-ionization process as an intermediate step
that can be as important as the conventional direct sequential
double-ionization process.

The structure of the present paper is as follows: In Sec. II,
we briefly review the methods for the numerical solution
of the TDSE and extraction of the double-ionization sig-
nal and discuss extensions required for MPDI. An overview
over possible pathways to double ionization by a multiphoton
process is given in Sec. III. Numerical results for the angle-
integrated and angle-resolved photoelectron spectra as well as

momentum correlation functions will be presented in Sec. IV.
Concluding remarks are given in Sec. V. Atomic units are
used unless stated otherwise.

II. THEORETICAL METHODS

Our description of MPDI is based on the numerical solu-
tion of the TDSE of helium in its full dimensionality,

i
∂

∂t
�(r1, r2, t ) = [H0 + HI(t )]�(r1, r2, t ), (1)

where H0 represents the field-free Hamiltonian of helium
which fully includes the electron-electron repulsive potential,
and HI(t ) represents the electron-laser interaction Hamilto-
nian given in the velocity gauge by

HI(t ) = −iA(t ) · (∇1 + ∇2). (2)

The vector potential A is assumed to have a cosine-squared
pulse envelope and is linearly polarized along the z axis,

A(t ) = A0 cos2

(
πt

Tp

)
cos(ωXUVt )ẑ, (3)

where Tp is the total pulse duration and the full width at half
maximum (FWHM) of the pulse envelope is Tp/2. The vector
potential A is nonzero for − Tp

2 < t <
Tp

2 , and ωXUV is the
photon energy. The electric field F is related to the vector
potential through F = −dA/dt . The pulse intensity I is fixed
in this paper at I = 1014 W/cm2. We note, however, that most
of the results presented below do not strongly depend on the
precise value of I .

In the present TDSE approach [12,55,56,90], the wave
function �(r1, r2, t ) is expressed in terms of a time-dependent
close-coupling (TDCC) expansion,

�(r1, r2, t ) =
∑

L,M,l1,l2

RL,M
l1,l2

(r1, r2, t )

r1r2
Y L,M

l1,l2
(r̂1, r̂2), (4)

where Y L,M
l1,l2

(r̂1, r̂2) are the coupled spherical harmonics. For
the linearly polarized laser light, only the partial waves with
magnetic quantum number M = 0 are involved in double
ionization from the ground state of helium. In most of the
calculations presented in the following, we include in Eq. (4)
partial waves up to l1,2 � 8 and total angular momenta up
to L = nph + 1 for most nphPDI, to avoid spurious contri-
butions due to truncation effects and find convergence for
the angular distributions. However, in cases where double
ionization gives rise to electron-electron scattering at large
distances from the nucleus, as demonstrated below, consider-
ably larger l1,2 need to be included. We include l1,2 up to 40 in
the present calculations of 3PDI. The radial wave functions
RL,M

l1,l2
(r1, r2, t ) are discretized in terms of the finite-element

discrete-variable representation (FEDVR) method [91–93].
The split-Lanczos algorithm [94–98] is used for the time
propagation.

For long pulses in the multifemtosecond regime, used
here to explore the spectrally sequential regime, it is nec-
essary to follow the two-electron wave packet over large
distances from the ionic core. Therefore, a large computa-
tional box is required to represent the wave packet. One
popular method that is widely applied in solutions of the
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one-electron TDSE to overcome this numerical difficulty
is the wave-splitting method [99], in which the outer part
of the photoelectron wave packet is collected over a short
time interval of propagation. Here we extend this wave-
splitting method to the DI of helium. In comparison with
the recently developed time-dependent surface flux (tSurff)
method [36], a perfect absorber such as infinite-range ex-
terior complex scaling (irECS) [100] is not necessary for
our method. We note that the application of irECS will
result in a non-Hermitian Hamiltonian, which renders the
application of the efficient Lanczos time propagator [94–98]
difficult. Accordingly, the wave function �(r1, r2) is split into
the inner part �in(r1, r2) periodically in time with a period
of 10 a.u. through application of the split operation S at
time t ,

�in(r1, r2, t ) = S(r1)S(r2)�(r1, r2, t ). (5)

The smoothness of the split is controlled by the width � in

S(r) = 1

1 + e(r−Rc )/�
. (6)

Rc determines the borderline between the inner and outer re-
gions. Its typical value used in most of the present calculations
is Rc = 220 a.u. For the 5PDI at the longest pulse duration, we
take Rc to be 500 a.u. In cases with strong electron-electron
interaction at large distances in the exit channel, we use Rc up
to 600 a.u. Absorbing masking functions are applied at larger
radii.

Only the inner part of the wave function, �in(r1, r2, t ), is
kept in the propagation by the full Hamiltonian H0 + HI(t ),
while the propagation of the outer part of the wave function,

�out(r1, r2, t ) = �(r1, r2, t ) − �in(r1, r2, t ), (7)

is approximated by a Volkov propagator. Specifically, the DI
amplitude at time ti is obtained by projecting the outer wave
function onto the double-ionization continuum,

f (k1, k2, ti ) = 〈�k1,k2 |�out(r1, r2, ti )〉, (8)

with the double-ionization continuum |�k1,k2〉 constructed as
the symmetric product of two hydrogenlike scattering states
for nuclear charge 2. The total DI amplitude at the final time
t f is expressed as

f (k1, k2) =
∑

i

Uk1,k2 (ti, t f ) f (k1, k2, ti ), (9)

with

Uk1,k2 (ti, t f ) = e−i
∫ t f

ti
[ k1

2+k2
2

2 +A(τ )·(k1+k2 )]dτ (10)

the time evolution factor expressed in terms of the Volkov
phases of the two photoelectrons accumulated between times
ti and t f .

Alternatively, Eq. (9) can be calculated iteratively,

Fi+1(k1, k2) = Uk1,k2 (ti, ti+1)Fi(k1, k2) + f (k1, k2, ti+1),
(11)

starting from

F1(k1, k2) = f (k1, k2, t1), (12)

and resulting in

f (k1, k2) = F f (k1, k2). (13)

Finally, the fully differential vectorial joint momentum dis-
tribution of the two ejected electrons follows from

P(k1, k2) = | f (k1, k2)|2. (14)

We note that the single-ionization component of the two-
electron wave function included in the outer wave function
�out(r1, r2, ti ) could be further promoted to the double-
ionization continuum at a larger time t > ti. Such contribu-
tions to DI are neglected in the present calculations. However,
their weight is expected to be small for sufficiently large
Rc. The present protocol [Eqs. (9) and (13)] is particularly
useful for the field-free propagation, during which the single-
ionization continuum in �out(r1, r2, ti ) obviously does not
couple to the double-ionization continuum. The field-free
propagation after the end of the pulse is necessary to reduce
the error caused by approximating the double-ionization scat-
tering state by the symmetric product of two hydrogenlike
scattering states. For most calculations, we take the time of
field-free propagation to be 50 a.u. with the split time interval
unchanged. When strong dynamical correlations persist over
large distances, we follow the field-free propagation for times
up to tmax = 500 a.u. When collecting the double-ionization
amplitude from the final wave function at time t f , we use a
smaller inner box, Rc = 20 a.u., for the split to make sure
that the ionizing portion of the wave function has reached
the outer region while most of the bound-state portion is
still in the inner region. The persistence of dynamical corre-
lations over large distances limits the range of applicability
of the present approach to numerically solve Eq. (1) using
the TDCC expansion, given by Eq. (4). We therefore per-
form, in addition, classical trajectory Monte Carlo (CTMC)
simulations [101–103], which aid in the interpretation of the
quantum simulations and allow for an approximate analysis
of Coulomb correlation effects at large distances when con-
vergence of the full quantum simulation can no longer be
reached.

III. PATHWAYS FOR MULTIPHOTON DOUBLE
IONIZATION

While for 2PDI of helium a clear spectral dividing line
between sequential (S) and nonsequential (NS) DI is given
by ωXUV = I2, for higher-order processes involving nph �
3 photons, sequential and nonsequential processes become
intertwined as a multitude of pathways emerge. A sample
of those pathways for MPDI ranging from 2PDI to 5PDI
is sketched in Fig. 1. With increasing number of photons
and, correspondingly, decreasing energy per photon, reso-
nant one-photon or resonant multiphoton intermediate states
become available. An example of this, for 5PDI, was ex-
perimentally studied by Hikosaka et al. [89], who employed
photons with ωXUV = 20.4 eV which allows for a resonant
two-photon excitation He+ [1s → 2s]. In order to maximize
the degree of nonsequentiality and correlation effects for
these high-order processes, our choice of photon energies
attempts to minimize resonant effects subject to the limi-
tations given by the Fourier width of the ultrashort pulses.
We also note that the contributions involving doubly excited
states (DES) as intermediate states are weak. We choose,
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FIG. 1. Pathways for multiphoton double ionization (MPDI) of helium. (a) Sequential (blue) and nonsequential (black) 2PDI; (b) direct
sequential ionization (DSI) (blue) and excitation-ionization (EI-I) (red) pathways for 3PDI; (c) DSI (blue) and EI-I (red) pathways for 4PDI;
and (d) DSI (blue) and EI-I (red) pathways for 5PDI. For clarity, the EI-I process also allowed in 2PDI is omitted since it is much weaker than
the DSI path in 2PDI. In each frame, the region of yellow-green color represents the double-ionization (DI) continuum, while levels close to
DI on the left side are the doubly excited states (DES).

in the following, ωXUV = 70 eV in the spectrally sequential
and 45 eV in the nonsequential regime for 2PDI, ωXUV =
35 eV for 3PDI, ωXUV = 22 eV for 4PDI, and ωXUV =
18 eV for 5PDI. We vary the pulse duration Tp by varying
the number of optical cycles, thereby keeping the relative
Fourier width �ω/ω of the pulse for different photon energies
constant.

With increasing photon order, nonsequential processes be-
gin to significantly contribute to pathways that nominally
qualify as sequential. For example, for 3PDI, the stan-
dard direct sequential ionization (DSI) pathway entails the
absorption of one 35 eV photon to reach the He+ (1s) con-
tinuum, followed by a two-photon absorption event with
70 eV > I2 reaching the two-electron continuum. However,
an alternative pathway opens up, consisting of a correlated
two-photon excitation ionization (EI) to He+ (2s), followed
by one-photon ionization (I) of the excited He+ [Fig. 1(b)].
As the EI step is nonresonant, redistribution of the photon
energy by electron-electron interaction is crucial for this two-
electron process to unfold. As will be shown below, this EI-I
process can be unambiguously identified and the competi-
tion between the DSI and the EI-I pathways will leave its
mark on the two-electron spectra and joint angular distri-
butions. Similar as well as more complex pathways appear
for high-order processes [Figs. 1(c) and 1(d)]. Moreover, for
ultrashort attosecond pulses, the (partial) sequentiality im-
plied by the pathways, as indicated in the spectral domain
(Fig. 1), is expected to be blurred and strong temporal cor-
relations are expected to appear. The large Fourier width �ω

of the ultrashort pulse with Tp in the (sub)femtosecond do-
main leads to another remarkable feature in the two-electron
spectra. As the effective spectral width for the nph-photon
process scales approximately as �ωn ∝ √

nph�ω, the two-
electron spectra from both the nphPDI and (nph − 1)PDI
may coexist or even overlap. Indications of the simultane-
ous presence of DI by different photon orders will be given
below.

IV. NUMERICAL RESULTS

A. Two-electron spectra

Since different ionization pathways of MPDI will, in gen-
eral, result in different energy distributions of the emitted
electrons, these paths can be most easily identified through
the joint energy distribution P(E1, E2), in the following rep-
resented by the joint radial momentum distribution P(k1, k2)
determined by integration over all emission angles of the two
electrons,

P(k1, k2) =
∫

P(k1, k2)k1k2 sin θ1sin θ2dθ1dθ2dφ1dφ2.

(15)
In terms of P(k1, k2), the total double-ionization probability P
is given by

P =
∫

P(k1, k2)k1k2dk1dk2. (16)

The joint momentum distributions P(k1, k2) for MPDI from
two to five photons are shown in Fig. 2 at three different pulse
durations, Tp = 5, 20, and 100 cycles. The corresponding ab-
solute durations and spectral widths are listed in Table I. The
photon energies are chosen to avoid direct resonant coupling
to the doubly excited states, but have no particular significance
otherwise. Well-separated peaks in the k1 − k2 plane on a cir-
cle with k2

1 + k2
2 = const appear most clearly for the longest

pulses, Tp = 100 cycles with the smallest spectral width. The
latter results in narrow sequential peaks (third row of Fig. 2).
To render the peak positions easily visible, we plot the nor-
malized single-electron momentum spectra P(k1), which are
defined as

P(k1) =
∫

P(k1, k2)k2dk2, (17)

in the fourth row of Fig. 2. In Fig. 2, we also give the total DI
probability [Eq. (16)] to provide an indication for the absolute
scale of these processes.
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FIG. 2. Joint radial momentum distributions P(k1, k2) [Eq. (15)] for (a1)–(a3) sequential 2PDI at photon energies of 70 eV, (b1)–(b3)
nonsequential 2PDI at 45 eV, (c1)–(c3) 3PDI at 35 eV, (d1)–(d3) 4PDI at 22 eV, and (e1)–(e3) 5PDI at 18 eV. In each column, results for
three pulse durations of Tp = 5 (first row), Tp = 20 (second row), and Tp = 100 (third row) cycles are shown. We use a logarithmic color scale
in frames (a1), (c1), and (e1) to render the nphPDI process relative to the (nph − 1)PDI visible and a relative decimal color scale in all other
frames. In (a4), (b4), (c4), and (d4), the normalized single-electron radial momentum spectra P(k1) [Eq. (17)] at Tp = 100 cycles are given for
each photon energy. To provide an absolute scale, we also give, in each frame, the value for the total probability P [Eq. (16)].

TABLE I. The photon energy ωXUV, number of cycles, nc, pulse
duration Tp, and spectral width �ωXUV = 1.44ωXUV/nc of the laser
pulses in the present calculations.

ωXUV (eV) nc Tp (fs) �ωXUV (eV)

70 5 0.3 20.2
70 20 1.2 5.0
70 100 5.9 1.0
45 5 0.46 13.0
45 20 1.8 3.2
45 100 9.2 0.65
35 5 0.59 10.1
35 20 2.4 2.52
35 100 11.8 0.5
22 5 0.94 6.3
22 20 3.8 1.6
22 100 18.8 0.32
18 5 1.15 5.2
18 20 4.6 1.3
18 100 23 0.26

For the 2PDI at photon energy of 70 eV, the DSI peaks are
located at energies

EDSI
1 = ωXUV − I1 (18)

and

EDSI
2 = ωXUV − I2, (19)

where I1 = 24.6 and I2 = 54.4 eV are the first and the second
ionization potentials of helium, respectively.

For 3PDI at 35 eV, the two DSI peaks appear at

EDSI
1 = ωXUV − I1 (20)

and

EDSI
2 = 2ωXUV − I2. (21)

Note that in reverse order, the absorption of two photons in
the first ionization step and one photon in the second ion-
ization step cannot contribute to direct ionization since the
one-photon energy of 35 eV lies below the second ionization
potential. However, the excitation-ionization channel is open
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with

EEI-I
1 = 2ωXUV − I1 − (E2l − E1s) (22)

and

EEI-I
2 = ωXUV + E2l , (23)

where E1s is the ground-state energy and E2l the n = 2
excited-state energies (l: angular momentum) of He+. The
threshold for excitation ionization lies at Ip1 + (E2l − E1s) =
65.4 eV. The key point to be noted is that the DSI and EI-I
pathways lead to different joint energy distributions, marked
by arrows in Fig. 2(c3), both lying on the circle with k2

1 +
k2

2 = const. Remarkably, the intensities of the DSI and the
EI-I contributions are of comparable magnitude. This is dif-
ferent from 2PDI with ωXUV = 70 eV where the EI-I pathway
is also energetically open [104], but remains invisibly small
[Fig. 2(a3)]. The yield of the first step of the EI-I pathway is
much weaker in comparison with direct ionization in the DSI
pathway, resulting in the suppression of the EI-I pathway. In
the 3PDI at 35 eV, despite the fact that the yield of two-photon
excitation ionization in the first step of the EI-I pathway is
also much weaker than the direct one-photon ionization in
the DSI pathway, in the second step the relative strength of
the two pathways is reversed. Therefore, both channels have
comparable strengths.

For 4PDI at 22 eV, the DSI path is energetically closed,
while the EI-I path [Figs. 2(d3) and 2(d4)] is characterized by
the energies

EEI-I
1 = 3ωXUV − Ip1 − (E2l − E1s) (24)

and

EEI-I
2 = ωXUV + E2l . (25)

For 5PDI with photon energies near 18 eV, different path-
ways are available: a multiphoton DSI path with

EDSI
1 = 2ωXUV − I1 (26)

and

EDSI
2 = 3ωXUV − I2, (27)

when the finite Fourier width of the pulse can close the small
residual gap of 0.4 eV to the second ionization threshold
[Eq. (27)], and the EI-I paths with

EEI-I
1 = 4ωXUV − Ip1 − (E2l − E1s) (28)

and

EEI-I
2 = ωXUV + E2l . (29)

For all MPDI processes, the dependence of the joint ra-
dial momentum spectra on Tp is qualitatively similar. As the
pulse duration decreases to 20 cycles, the DSI and EI-I peaks
display increased Fourier broadening. At even shorter pulse
duration of Tp = 5 cycles, the separate peaks merge into a
single peak at equal energy sharing, rendering the notion of
sequentiality obsolete. Interestingly, in this ultrashort limit,
Fourier broadening allows the (nph − 1)PDI process to com-
pete with, or even dominate over, the nphPDI channel (see the
first row in Fig. 2).

B. Electron-electron correlation effects
in the angle-resolved spectra

Electron-electron correlation can alter the angular distri-
butions even for nominally sequential ionization due to the
short interval between the two single-ionization (SI) steps.
In particular, when the two electrons are ejected into the
same direction, the repulsive electron-electron potential will
force the two electrons to part ways. To reveal this dynam-
ical correlation, we investigate angle-resolved two-electron
energy spectra. The angle-resolved energy spectrum in the
x − z plane (with φ1 = φ2 = 0) is defined by

P(E1, θ12) =
∫

P(k1,�1, k2,�2)k1k2
2dk2, (30)

with the ejection direction of one electron fixed at θ1 = 0.
Previous results limited to 2PDI can be found in Ref. [67].

The feature common to all orders of MPDI for the shortest
Tp = 5 cycles [Figs. 3(a1), 3(b1), 3(c1), and 3(d1)] is the sup-
pression of equal-energy ionization at a relative angle θ12 = 0,
as result of strong Coulomb repulsion. By contrast, for longer
pulse durations, ionization peaks can be found both at θ12 = 0
as well as θ12 = 180◦ for most of the sequential MPDI pro-
cesses in Fig. 3. One interesting case is the 3PDI [Figs. 3(c2)
and 3(c3)] for which both the DSI and the EI-I processes
contribute and both can be clearly identified at θ12 = 180◦.
For small θ12, however, unexpected structures appear that can
be identified as signatures of dynamical correlations in the exit
channel at remarkably large distances from the nucleus. The
origin of this “postcollision” electron-electron interaction lies
in the particular kinematics of the two-electron emission in
3PDI at this photon energy (h̄ω = 35 eV). In both the DSI and
the EI-I processes, the first of the sequentially emitted elec-
trons has a smaller velocity than the second (DSI: v1 = 0.87,
v2 = 1.07; EI-I: v1 = 0.58, v2 = 1.25). When these initially
only weakly correlated electrons are emitted into nearly the
same direction, the second electron will catch up with the first
and, eventually, a quasifree electron-electron scattering event
will ensue. As the time spacing between sequential emission
is of the order of Tp/2, for longer pulses the resulting collision
time for e-e scattering tc = v1Tp/2(v2 − v1) becomes very
large, e.g., for the 20 cycle pulse and for DSI tc ≈ 220 a.u.
At this instance, the distance of the receding electrons from
the He2+ ion is already dc ≈ 240 a.u. Moreover, scattering
at such large distances involves large single-particle angular
momenta l1,2 (see also Fig. 5). Extending the full quantum
simulation based on the atomic TDCC expansion [Eq. (4)] to
such large distances, long interactions times, and high angular
momenta poses a considerable numerical challenge.

To analyze the data and to probe for convergence, we
therefore perform, in parallel, CTMC simulations. The latter
also allow one to simulate the asymptotic E − θ12 distribution
for the longest pulse (100 cycles) for which fully converged
quantum simulations are currently out of reach. The compar-
ison between the quantum and classical E − θ12 distributions
for emission into the same hemisphere (θ12 < 90◦) by the
20-cycle pulse [Figs. 4(a)–4(c)] with propagation up to time
tmax = 500 a.u. displays close structural similarities. In partic-
ular, the “hole” in the distributions near θ12 = 0 centered at
equal-energy sharing (E1 + E2)/2 signifies the Newton circle

023102-6



MULTIPHOTON DOUBLE IONIZATION OF HELIUM BY … PHYSICAL REVIEW A 108, 023102 (2023)

FIG. 3. For the same MPDI processes as in Fig. 2, the angle-resolved energy spectra P(E1, θ12) at θ1 = 0 [see Eq. (30)]. The contributions
of (nph − 1)PDI at five cycles are omitted for clarity by restricting the integral in Eq. (30) to the region k2

1 + k2
2 > k2

c , with kc the lower cutoff
momentum chosen as 1.2, 1.0, 0.5, and 0.65 a.u. for photon energies 70, 35, 22, and 18 eV, respectively. In (c2) and (c3), the Newton circles
for quasifree electron-electron (e-e) scattering, mapped onto the E − θ12 plane, are shown. Note that (c3) represents a snapshot at tmax = 500
a.u., rather than the asymptotic distribution (for details, see text). We use relative decimal color scale values. Absolute total probabilities are
given in Fig. 2.

of quasifree e-e scattering in the weak ionic Coulomb field
[also indicated in Figs. 3(c2) and 3(c3)], given by

E1 = 1

2

(
EC

1 + EC
2

) − 1

2

(
EC

2 − EC
1

)
cos α, (31)

θ12 = tan−1

[
(v2 − v1) sin α

(v1 + v2) + (v2 − v1) cos α

+ (v2 − v1) sin α

(v1 + v2) − (v2 − v1) cos α

]
, (32)

where α is the scattering angle in the center-of-mass frame of
the two electrons, EC

i (C = DSI or EI-I) are energies of the
electrons given by Eqs. (20)–(23) for strictly sequential and

uncorrelated emission, and vi =
√

2EC
i .

Further propagation of the classical ensemble [Fig. 4(c)]
beyond the time interval subtended by the quantal simulation
[Figs. 4(a) and 4(b)] leaves the E − θ12 distribution largely
unchanged, thereby indicating its convergence. For the longer
100-cycle pulse [Figs. 4(d) and 4(f)], the quantum simulation
of the E − θ12 distribution [Fig. 3(c3), magnified in Fig. 4(d)]
can provide only a snapshot of the distribution taken at tmax =
500 a.u., which resembles the corresponding classical dis-
tribution extracted at this time [Fig. 4(e)]. Remarkably, the
Newton circle of the EI-I channel can be identified for the 100-
cycle pulse in Fig. 4(d), though e-e scattering in the DSI
channel has not yet fully converged. The fact that the ob-
served holes in Figs. 4 and 5 have somewhat larger radii
than the Newton circles predicted by the analytical estimate

[Eqs. (31) and (32)], in particular for the shorter 20-cycle
pulse, signifies the influence of the residual Coulomb field
of the nucleus on the e-e scattering process. Most impor-
tantly, the local velocities of the electrons at the instant of

FIG. 4. P(E1, θ12) distributions for 3PDI (logarithmic color
scales are used for visibility) for emission into the same hemi-
sphere (θ12 < 90◦). (a)–(c) 20 cycle pulse, with (a) quantum and
(b) classical distribution, each extracted at tmax = 500 a.u., and
(c) asymptotic (tmax → ∞) classical distribution. (d)–(f) 100-cycle
pulse, with (d) quantum and (e) classical distribution, each extracted
at tmax = 500 a.u., and (f) asymptotic (tmax → ∞) classical distribu-
tion. Solid (dashed) white lines represent the Newton circle for DSI
(EI-I) electrons.
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FIG. 5. Mean single-particle angular momentum 〈li〉 (i = 1, 2)
contributions to the classical P(E , θ12) distributions (see Fig. 4) for
3PDI and pulse durations of 20 cycles (a), (b) and 100 cycles (c),
(d). Both (a), (c) snapshot at tmax = 500 a.u. and (b), (d) asymptotic
distributions are shown.

scattering are larger than the asymptotic velocities entering
Eqs. (31) and (32). Inside the Newton circle of DSI (the
solid line in each panel), the asymptotic stationary E − θ12

distribution (t → ∞) [Fig. 4(f)] is reached only much later
and still differs from the snapshots at tmax [Fig. 4(e)]. The
reason is that at tmax, the DSI scattering process has not yet

concluded. This e-e scattering resulting from the “catching
up” of the faster second electron with the slower first electron
at late times tc and large distances dc from the nucleus also
has remarkable consequences for the single-particle angular
momentum distributions of the electrons in the exit channel
(Fig. 5). The classical angular momentum transfer between
the electrons extends to the order of li ≈ |dc × (v2 − v1)|,
as seen in the frame of the nucleus. (Of course, the total
angular momentum L remains conserved and small as it is
controlled by the number of absorbed photons). As expected,
the distribution of mean single-electron angular momenta 〈li〉
peaks near the Newton circle. This 〈li〉 distribution illustrates
the challenge this postcollision e-e scattering process poses
for quantum simulations based on atom-centered spherical
harmonics expansions [Eq. (4)].

We note that the present catching-up correlation dynamics
resembles the postcollision interaction between direct slow
and fast Auger electron emission [105,106]. The present
MPDI-induced scattering differs from the Auger electron scat-
tering in that the velocity difference between the two electrons
is rather small and the temporal spacing is controlled by the
pulse shape, resulting in quasifree electron-electron scattering
at very large distances from the ion.

The pulse-duration controlled electron-electron correlation
effects can also be clearly identified by further integrating
P(E1, θ12) over the energy E1,

P(θ12) =
∫

P(E1, θ12)dE1. (33)

The resulting equal-intensity lines for the conditional angular
distributions P(θ12) are shown in Fig. 6, where the suppression
of the ejection along the same direction for short Tp is visible

FIG. 6. For the same MPDI processes as in Fig. 2, the conditional angular distributions P(θ12) at θ1 = 0 [Eq. (33)] of the ejected electrons
for different pulse durations for (a) 2PDI at 70 eV, (b) 3PDI at 35 eV, (c) 4PDI at 22 eV, and (d) 5PDI at 18 eV.
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FIG. 7. For the same MPDI processes as in Fig. 2, the coplanar angular distributions (φ1 = φ2 = 0) at equal photoelectron energies,
E1 = E2 = nphωXUV − Ip. Note that (c3) represents a snapshot at tmax = 500 a.u. rather than the converged asymptotic distribution (see text).

for all MPDI. We note that the variation of conditional angular
distributions with Tp is particularly strong for 5PDI, not only
near θ12 = 0, but also for back-to-back emission, θ12 � 180◦.

One frequently discussed selection rule in 1PDI is the
vanishing equal-energy back-to-back ejection as a result of
the parity-selection rule. As this selection rule is only deter-
mined by the parity of the final two-electron continuum state
[5,107], it applies to all MPDI processes when an odd number
of photons is involved [85,107]. Therefore, the equal-energy
back-to-back ejection in MPDI is alternately suppressed or
enhanced when the photon number is increased by one. This
selection rule also leaves its mark on the angular differential
energy spectra P(E1, θ12) (Fig. 3). The SI peaks at θ12 = 180◦
merge into a single peak at equal energies for 2PDI and 4PDI,
but this is not the case for 3PDI and 5PDI. Its influence is even
more clearly demonstrated in Fig. 7, where the equal-energy
joint angular distributions in the x − z plane are shown. The
most dominant ejection mode for 2PDI and 4PDI is the back-
to-back emission, with one electron ejected along θ = 0 and
the other along θ = 180◦, while this mode is strictly forbidden
for 3PDI and 5PDI.

The influence of the pulse duration Tp on the equal-energy
distribution strongly varies with the order of the process. For
2PDI, its influence is nearly negligible. While for 4PDI and
5PDI the dominant ejection direction remains unchanged, the
intensity ratios relative to other directions vary significantly.
For 3PDI, we observe, for larger Tp, features of e-e scattering
when both electrons are emitted near the forward (θ1 = θ2 =
0) or the backward (θ1 = θ2 = 180◦) direction [Figs. 7(c2)
and 7(c3)]. For Tp = 20 cycles, the joint distribution has con-
verged [Fig. 7(c2)], while for the longest pulse [Fig. 7(c3)],
the e-e scattering has not yet concluded and Fig. 7(c3) should
be viewed as a snapshot at tmax = 500 a.u. We note that
a strong same-direction ejection mode was previously seen

in the equal-energy coplanar distribution for 3PDI at 42 eV
[36]. This could possibly also be an indication of incomplete
convergence due to e-e scattering at large distances.

To illustrate the influence of the pulse duration in more
detail, we display, in Fig. 8, equal-intensity lines for the cut
through the joint angular distribution (Fig. 7) at θ1 = 0. The
comparison between Fig. 8 and Fig. 6 highlights that side-
by-side emission is suppressed when restricting the spectra
to equal-energy sharing. 3PDI provides the remarkable ex-
ception where side-by-side emission dominates for the longer
pulses as a result of the e-e scattering. As can be seen in
Figs. 3(a)–3(c), the e-e scattering can indeed result in equal-
energy ejection with small angle, located near the Newton
circles.

C. The joint momentum distribution along
the laser polarization

Several previous studies of strong-IR field DI have focused
on the joint momentum distributions along the laser polar-
ization axis [21–27,29], often also referred to as momentum
correlation. For 2PDI, results were presented in Ref. [108].
The joint momentum distribution along the laser polarization
z axis is defined as

P(k1z, k2z ) =
∫

P(k1, k2)dk1xdk1ydk2xdk2y. (34)

Exploiting the azimuthal symmetry of Eq. (14), Eq. (34) can
be reduced to a triple integral,

P(k1z, k2z ) = 2π

∫ ∞

|k2z|

∫ ∞

|k1z |

∫ 2π

0
k1k2P

(
k1, arccos

k1z

k1
, 0, k2,

arccos
k2z

k2
,�φ

)
d�φdk1dk2, (35)
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FIG. 8. Normalized conditional angular distributions P(θ12, θ1 = 0, E1 = E2) at equal energies of two photoelectrons, E1 = E2 = nphω −
Ip (cuts through Fig. 7 at θ1 = 0), similar to Fig. 6 but restricted to equal energy sharing.

with �φ = φ2 − φ1 the difference between the azimuthal
angles of the two emitted electrons. In the correlated mo-
mentum spectra (Fig. 9), the exchange symmetry of the two
electrons is reflected in the symmetry relative to the line
k1z = k2z. In Fig. 9, we can also observe another, approxi-
mate symmetry relative to the line k1z = −k2z. This symmetry,

however, holds only for long constant amplitude pulses when
carrier-envelope phase (CEP) effects are negligible. In this
limit, the ejection along the positive and negative laser po-
larization directions has exactly the same probability. Its
breakdown for ultrashort pulses can be clearly seen, e.g.,
in Fig. 9(d1).

FIG. 9. For the same MPDI processes as in Fig. 2, the joint momentum distribution along the laser polarization axis P(kz1, kz2 ) [Eq. (34)].
Note that (unlike for the other frames) we use a logarithmic color scale in (a1) to render the 2PDI process relative to the 1PDI visible.
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The emerging momentum correlation patterns are fre-
quently characterized by the dominance of either “correlated
emission” (i.e., kz1kz2 > 0, corresponding to preferred emis-
sion into the first or third quadrant in the k1z − k2z plane;
see Fig. 9) or “anticorrelated emission” (i.e., kz1kz2 < 0, pre-
ferred emission into the second or fourth quadrant). Our
present results show that such preferences strongly depend
both on the order of the multiphoton process and on the pulse
duration. While for nonsequential 2PDI at photon energies
below ωXUV = I2, anticorrelated ejection dominates [108], for
sequential 2PDI at ωXUV = 70 eV, no clear preference for
either correlated or anticorrelated emission emerges, with the
exception for the shortest pulse, Tp = 5 cycles, where the
backward-forward symmetry is obviously broken for the 2PDI
and the 1PDI signals at low momentum prefer the side-by-side
ejection mode. For 3PDI, dominant anticorrelation prevails
for all Tp, while for 5PDI, this trend is only pronounced for
Tp � 20 cycles. For 4PDI, where only the EI-I channel is
open for sequential ionization, no clear correlation or anticor-
relation pattern emerges for Tp � 20 cycles. For the shortest
pulse [Fig. 9(d1)], a complex pattern with slight preference
for positive correlation appears which reflects the temporal
nonsequentiality and the contribution from the (nph − 1)PDI
channel.

V. CONCLUDING REMARKS

In this work, we have systematically investigated double
ionization of helium by ultrashort XUV pulses by varying the
number of absorbed photons (up to five) and the pulse duration
from about 100 attoseconds to 20 femtoseconds. We have
explored the interplay between sequential and nonsequential
double ionization for different photon orders and have iden-
tified alternative pathways towards double ionization. Most
importantly, we find that a path involving a multiphoton

two-electron excitation-ionization step followed by a one- or
multiphoton ionization of excited He+ competes with the di-
rect nonresonant sequential ionization via the ground state of
He+. Electron correlation effects are also shown to be of im-
portance for sequential processes. This applies to both the first
step, where correlation effects are crucial in the two-electron
transition leading to excitation ionization, as well as to the fi-
nal state in the two-electron continuum, where the catching-up
dynamics can lead to electron-electron scattering and energy
exchange between the two electrons at large distances from
the core. For ultrashort pulses in the attosecond regime, MPDI
becomes strongly nonsequential with correlation effects in the
time domain even in the spectrally sequential regime. Experi-
mental observation of the processes delineated by the present
ab initio TDSE simulation should be in reach of experiments
employing the currently available strong XUV and X-laser
pulses from free-electron laser sources.
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