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Polarization tagging of two-photon double ionization by elliptically polarized XUV pulses
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We explore the influence of elliptical polarization on the (non)sequential two-photon double ionization
of atomic helium with ultrashort extreme ultraviolet (XUV) light fields using time-dependent full ab initio
simulations. The energy and angular distributions of photoelectrons are found to be strongly dependent on
the ellipticity. The correlation minimum in the joint angular distribution becomes more prominently visible
with increasing ellipticity. In a pump-probe sequence of two subsequent XUV pulses with varying ellipticities,
polarization tagging allows us to discriminate between sequential and nonsequential photoionization. This clear
separation demonstrates the potential of elliptically polarized XUV fields for improved control of electronic
emission processes.
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I. INTRODUCTION pulses the clear distinction between nonsequential and se-
quential regimes breaks down. Even for XUV pulses in the
spectrally sequential regime with central energies above I,
TPDI becomes nonsequential in the time domain as the first
electron is still in the vicinity of the ion when the second ab-
sorption process takes place. Exchange of energy and angular
momentum between the departing electrons, referred to in the
following as dynamical Coulomb correlation, persists which
strongly depends on the duration of the ionizing pulse [25,34].
In the present article we demonstrate that in addition to
the pulse duration also the ellipticity € of the ultrashort XUV
pulse provides an effective knob for controlling the TPDI
process. We show that the dynamical correlation features in
the joint angular distribution become more clearly identifiable
and more pronounced for circularly polarized fields compared
to linearly polarized light fields because distortions due to
dipolar nodal planes are absent. Moreover, for a sequence of
two ultrashort pulses with ellipticities €; and €, multipath
interferences in the double continuum can be controlled.
Polarization tagging allows us to distinguish between electron
emission by the first or second of the two pulses. We explore
possible experimental signatures accessible with a reaction
microscope [39] as recently demonstrated for ionization in the
strong-field multiphoton double-ionization regime [40,41].

With the advent of high-order harmonic generation (HHG)
[1-3], extreme ultraviolet (XUV) pulses are now routinely
generated in table-top experiments making the studies of
distinct aspects of light-matter interaction possible. Recent
progress in HHG from bichromatic counter-rotating circu-
larly polarized laser pulses [4—13], HHG with monochromatic
counter-rotating pulses in a noncollinear geometry [14,15],
resonant HHG [16], and HHG from relativistic laser-driven
plasma mirrors [17,18] has opened the door to generation
and application of elliptic XUV pulses giving an additional
control knob to study and, most importantly, to control strong-
field atomic, molecular, and surface dynamics. Elliptically
polarized energetic pulses can also be produced with free-
electron lasers (FEL) [19-21], extending the study to inner-
shell electronic dynamics. The level of control which can be
achieved was recently demonstrated by producing a spiral
pattern in the momentum distribution of ionized electrons
which were produced by two oppositely circularly polarized
time-delayed XUV pulses [22,23].

Two-photon double ionization (TPDI) of atomic helium
is a prototypical process to investigate electron correlations
and has been studied extensively using linear XUV pulses,
e.g., [24-35], and recently also with elliptically polarized
light fields [36-38]. For photon energies below the second
ionization potential I, = 54.4 eV, the system is in the spec-
trally nonsequential regime where TPDI only occurs for near- II. NUMERICAL METHOD
simultaneous absorption of two photons even for long pulses.
For higher photon energies, the two-photon double continuum
can be reached by two sequential one-photon absorptions via
on-shell intermediate states of the Het ion. For ultrashort

We solve the time-dependent Schrodinger equation
(TDSE) for atomic helium in its full dimensionality including
the full electron-electron interaction by expanding the wave
function in coupled spherical harmonics
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Inserting this expansion into the TDSE yields the time-
dependent close-coupling (TDCC) equations [29,31,42,43].
The electric fields are treated in dipole approximation. In the
present work we have extended our TDCC approach [24]
previously limited to the case of linearly polarized light fields
to arbitrarily polarized fields. Accordingly, the total magnetic
quantum number M is no longer a conserved quantity. This
substantially increases the number of coupled (L, M) channels
for the same maximum total angular momentum Lp,,x and
thereby the numerical complexity. The number of contributing
(L, M) channels increases from (Ly.x + 1) for linear polar-
ized light fields to %@‘“H) for laser fields polarized in
the X-9 plane by exploiting the reflection symmetry (z — —2).
The radial wave functions RlL]ZI (r1, ra, t) are discretized on
a spatial grid using the finite-element discrete-variable rep-
resentation (FEDVR) [44—47]. For the temporal propagation
we use the short-iterative Lanczos algorithm with adaptive
time-step control [48-50]. To extract the spectral information
we project the six-dimensional wave function onto products
of uncorrelated energy-normalized Coulomb wave functions
for each combination of L, M, [;, and I, separately. For
the projection to be converged the wave function has to be
propagated sufficiently long after the end of the pulses; for
a detailed discussion see [24]. We use the velocity gauge
throughout and find converged results with a close-coupling
expansion of Ly, = 3, /1. max = b.max = 12.

III. INFLUENCE OF ELLIPTICITY AND PULSE
DURATION ON THE ANGULAR DISTRIBUTION

We use XUV pulses with central photon energies of 65
and 70 eV, a peak intensity of 10'> W /cm?, which is in the
purely perturbative regime for these photon energies, and
a cos’ envelope for the vector potential given by f(t) =
cos? (2LTp(t —txyv)) for =T, < (t —txuv) < T, where txuyv
is the peak time of the XUV and 7, is the full width at half
maximum duration of the vector potential. We simulate the
response to ultrashort pulses with 7, S 2 fs corresponding
to a Fourier bandwidth Aw ~ 27 /T, > 2 eV. Despite this
considerable width, the spectral overlap with the energetically
nonsequential regime hiw < I, = 54.4 eV is still negligible.
We therefore focus on the nonsequential regime in the time
domain. The elliptical vector potential, propagating along the
Z axis and polarized in the X- plane, is defined by

sin[w(t — txuv)]
—e coslw(t —txuv)] |, €)]
0

A(r) =Aof(1)

where € is the ellipticity of the laser field. The light field is
called left (right)-circularly polarized if e = 1 (—1). For TPDI
by ultrashort XUV pulses, electron-electron interactions in
the double continuum leave a strong imprint on the energy and
angular distribution of the emitted electron pair [25,26,34].
Angular correlations between the two electrons are
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FIG. 1. (a) Joint angular distribution P(0, = 6, = 90°, ¢ =
0°, ¢,) of the ejected electrons for a pulse duration 7, = 150 as at
hw =70 eV for different ellipticities €. The innermost line (pink)
corresponds to the previously investigated case of linear polarization
along X (e = 0), whereas the successive outer curves correspond
to € =04, 0.6, 0.7, 0.8, 0.9, and 1 (circular polarization). All
distributions are normalized to a maximum value of 1. (b) Ratio of
probability for emission of the two electrons with a relative angle
of 90° to the probability for emission into the opposite direction
(back-to-back) for the different ellipticities shown in (a). (c) Sketch
of alaser field with € = 1 [blue (dark grey)] and O [pink (light grey)].

characterized by the joint angular distribution

P(91,6’2,¢1,¢2)=/dE1dE2P(E1,Ez,Ql,Qz) €]

integrated over the energies E;, of the emitted electrons.
Within the polarization plane (8; = 6, = 90°) and for one
electron emitted along the X axis, P(¢) = PO, =6, =
90°, ¢; = 0°, @) strongly varies with the ellipticity. For lin-
ear polarization (¢ = 0), P(¢,) displays the previously ob-
served “fish-like” angular distribution [Fig. 1(a)]. With in-
creasing €, the dip due to the nodal line at ¢ = 90° disappears.
The ratio P(¢, = 90°)/P(¢> = 180°) approximately scales
with €2 [Fig. 1(b)]. In the limit of circular polarization the
only structure remaining is the suppression of electron emis-
sion into the same direction (¢, = 0°) (side-by-side) relative
to the back-to-back emission (¢, = 180°). The pronounced
minimum for emission of both electrons in the same direction
is not affected by the variation of €. The obvious reason
for the strong suppression is the repulsive electron-electron
interaction, when the two-electron emission is temporally
confined to a fraction of a femtosecond and is a prototypical
case of dynamical Coulomb correlation.

Performing a scan of the pulse duration 7, [25] we find
that with increasing pulse duration the dip in the angular
distributions becomes less and less pronounced and in the
limit of very long pulses it approaches a purely circular
distribution (grey dashed line), see Fig. 2(a). This dynamical
Coulomb correlation can be quantified by the dependence
of the ratio P(¢, = 0°)/P(¢, = 180°) on T, [Fig. 2(b)]. In
the limit 7, — 0, Coulomb repulsion tends to completely
block the side-by-side emission. For circular polarization, the
side-by-side suppression is the dominant structure in the joint
angular distribution, while for linear polarization additional
pronounced minima due to the nodal plane may overshadow
this effect in the experiment. Circularly polarized XUV light is
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FIG. 2. (a) Joint angular distributions P(0, = 6, =90°, ¢, =
0°, ¢,) of the ejected electrons for different pulse durations at iw =
70 eV. The innermost line (blue) is for 7, = 75 as, with successive
outer lines for 7, = 150, 300, 500, 1000, 3000 as. The dashed line
is the unit circle. All distributions are normalized to the maximum
value of the angular distribution at ¢, = 180°. (b) Ratio of emis-
sion of the two electrons into the same (side-by-side) and into the
opposite (back-to-back) direction for the different pulse durations
shown in (a).

therefore the preferred experimental setting to unambiguously
establish the dynamical correlation in TPDI for ultrashort
pulses. Moreover, unlike for linear polarization the joint an-
gular distribution is rotationally invariant P(¢; = 0°, ¢,) =
P(¢1 = o, ¢ + «) for circular pulses. Consequently, the cor-
relation dip will persist when integrating the experimental
angular distribution over the azimuthal angle o while keeping
the relative angle ¢-¢, fixed, thereby improving the experi-
mental signal-to-noise ratio.

IV. XUV-XUV PUMP-PROBE SEQUENCE WITH
ELLIPTICALLY POLARIZED PULSES

XUV-XUV pump-probe sequences have been theoretically
investigated for linearly polarized pulses in the past, e.g.,
[27,33,34,51-53]. Palacios et al. [33,34] investigated an XU V-
XUV sequence for pulses with different energies and varying
time delays and found an interference pattern in the angle-
integrated, but energy-resolved double-ionization probability
P(E,, E») as a function of the energy difference AE = E;| —
E; between the electrons. XUV-XUV pulse sequences have
also been used to explore double ionization via doubly excited
resonances as intermediate states of interfering pathways [27].

In the following, we explore double ionization by a se-
quence of two ultrashort XUV pulses with, in general, differ-
ent ellipticities € ,. We show that polarization tagging allows
us to distinguish ionization events occurring in the first and the
second pulse and, thus, temporal (non)sequential ionization.
With this control knob, interferences can be switched on and
off. The two pulses in Fig. 3 have identical central energy of
65 eV and a Fourier width corresponding to 7, = 1 fs. The
time delay between the pulses is sufficiently large (z = 2.5 fs)
that the two pulses are temporally well separated.

A. Doubly differential energy distributions

We first consider the angle-integrated double-ionization
probability as a function of the two electron energies
P(E, E»). In the E|-E, plane we observe two well separated
peaks signifying sequential double ionization and a faint
ridge connecting the two indicating a weak nonsequential

(a) e =1,e0 = —1 (b) eg =1,e0=1
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FIG. 3. Double-ionization spectrum P(Ei, E;) in atomic units
(log scale) as a function of E; and E, for pulse sequences with
different ellipticities. The corresponding total two-photon double-
ionization probabilities are (a) 3.4 x 1078, (b) 4.6 x 1078, (c) 2.8 x
1078, and (d) 2.8 x 107%. The central photon energy of both pulses
is 65 eV, their duration is 7, = 1 fs and the pulse delay v = 2.5 fs.
The peak intensity in & direction is 10'> W/cm?.

contribution. For opposite polarizations [e; =1, €; = —1,
Fig. 3(a)] the peaks are structureless. By contrast, for two
pulses with the same ellipticity (¢; = €, = 1) P(Ey, E») dis-
plays an intricate interference pattern [Fig. 3(b)].This pattern
results from different pathways in the time domain to reach
the same final two-electron state with energies (Ei, E;) in
the double continuum: absorption of two photons from the
first pulse, absorption of two photons from the second pulse,
and absorption of one photon from each pulse, the latter
amounting to two paths due to the indistinguishability of the
two electrons (see Fig. 4). Closer inspection shows that the
interference pattern near the sequential peaks is checkerboard-
like while it appears stripe-like near the nonsequential ridge.
Employing second-order perturbation theory (see, e.g.,
[26,33,51,54]) the interference pattern for two identical time-
delayed XUV pulses can be quantitatively accounted for. The
angle-integrated two-photon double-ionization probability is
given by the incoherent sum of the transition probabilities

[ti(z_)) f]i u o all accessible (L, M) channels [26]
(€3] 2
P(E1, Ey) = > 52 0wl ®

L,M=(2,2),(2,0),(2,—2),(0,0)
For a pump-probe sequence where the first pulse has ellipticity
€1 and the second ¢, the amplitudes are given by

=

i) o A e’ AP (AE)e BT

+ (1 £ &) AP(AE)e ™"
+ (1 £e)( =+ 62)g(1)(AE)e_i(El_12)T
+ (1 + €)1 £6)GV(—AE) "7 (6)
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FIG. 4. Energy-delay time diagram of the interfering pathways
in a pump-probe sequence. The shaded areas signify the enclosed
interference phases giving rise to the stripes (striped area) and to the
checkerboard pattern [red (dark grey), yellow (light grey) shaded area
and striped area] in Fig. 3. For details see text.

[t(2)

2\ 42 —i(E\+E
i—>f]2/o,o o (1= €f)AP(AE)e EIHET

+ (1 = &) AP (AE)e "
+ (1 —e1e)gV(AE)e R
+ (1 — 616GV (—AE)e B0 (7)

where A® is a generalized shape function for absorption of
two photons within one pulse and GV is the shape func-
tion for absorbing one photon in each pulse (for details see
Appendix). Ey = —(I; + b) is the ground-state energy and
E,, — I, is the intermediate-state energy if the first (second)
electron is ionized by the first pulse while the second (first)
electron is bound in the 1s state of He'. Equations (6) and
(7) represent the coherent superposition of ionization paths
involving either absorption of two photons with the same
polarization from the same pulse (terms proportional to A?))
or absorption of photons from different pulses (terms propor-
tional to g<1)) with, in general, different polarizations €; #
€,. The interference pattern depends on (Ey, E;) or, equiv-
alently, on AE = E| — E, and E = E| + E,. Accordingly,
the interference oscillations ~ cos[(E] + E; — Ep)t] along
the lines AE = const are due to the mixed terms in A® in
Egs. (6) and (7) and are, in principle, present in the entire
(Ey, E») plane. They appear, however, only when the circular
polarizations of the first and second pulses agree. The cor-
responding interference phase (E; + E» — Ep)t is marked in
Fig. 4 by green stripes. Near the sequential peaks additional
interference terms due to the G terms contribute [marked
by red (dark grey) and yellow (light grey) shaded areas in
Fig. 4] giving rise to oscillations ~ cos [(Ey> + I,)t] or ~
cos [(E1j2 + I))T] resulting from interferences between the
third or fourth term with the first or second, respectively, term
in Egs. (6) and (7) and, hence to the checkerboard pattern
when the two polarizations agree. The third and fourth terms
do not interfere with each other since the spectral overlap
between GV(AE) and GV (—AE) vanishes.

Equation (7) contains terms that have significant weight
only if the polarizations are sufficiently different and are

strictly zero for €; = €, = £1. Thus by switching the polar-
izations of the pulses, path interferences can be switched on
and off.

The interference in the double-ionization spectrum
P(E,, E») can be shown to be quite robust relative to variation
of € of the XUV pulses employed, as can be seen in Fig. 3(c)
for two pulses with €; = 0.9 and €, = —0.9. The interference
pattern starts to emerge but is hardly visible. Similarly, using
two pulses with slightly different ellipticity, e.g., €, = 0.9
and €, = 0.6 results in a very similar interference pattern as
€1 = € = 1 [compare Figs. 3(b) and 3(d)].

B. Singly differential energy distributions

Integrating P(E;, E;) now along the total energy Ey =
E| + E, yields the double-ionization probability as a function
of the energy difference AE = E; — E, of the two electrons

1 o0
P(AE) = 5 / dEo P(E), E). ®)
0

As predicted by Eqs. (6) and (7), all interference terms contain
cos (E 7). Integration over Ey, damps out all these terms.
Conversely, however, when P(E;, E,) is integrated over AE
interferences due to the superposition of the terms ~ A?® ~
cos [(Ew — Ep)T] survive.

The singly-differential spectrum [Eq. (8)] can be analyzed
by making use of the polarization tagging. This becomes pos-
sible because of the perfect locking of the magnetic quantum
number of the two-electron wave packet to the two ellipticities
€12 = 1, —1. The electronic wave packet with total M = 2
(or —2) must have absorbed both photons from the first
(second) pulse. M = 0 is reached only when one photon is
absorbed from each pulse. While the photoelectron spectrum
of the M =2 (—2) electrons is influenced by dynamical
electron-electron correlation, the M = 0 electrons stem from
a purely sequential process. This is clearly visible in P(AE)
[Fig. 5(a)]. Summing over all M results in a P(AE) closely
resembling the distribution for a single linearly polarized
XUV pulse [26] with a plateau in the equal-energy-sharing
(AE =~ 0) region. Analyzing P(AE) separately for the differ-
ent M channels, we observe that for M = +£2 the probability
distribution is very similar to the full spectrum. This is due to
the fact that either channel consists of electrons emitted by the
absorption of two photons within the same pulse and, thus, has
the signatures of both temporal sequential and nonsequential
two-photon double ionization. For M = 0 [dash-dotted line
in Fig. 5(a)], P(AE) features two well separated peaks at
AE ~ £1.1 a.u. while the equal-energy-sharing plateau is
completely missing as expected for a purely sequential ion-
ization process. Moreover, much smaller peaks near AE =
£1.9 a.u. corresponding to shakeup processes with excited
ionic states become visible.

The decomposition of TPDI into contributions with dif-
ferent total magnetic quantum number M of the two-electron
wave packet is straightforward in theory, but such a separation
is not easily accomplished in the experiment. We therefore
explore the signatures of polarization tagging in the experi-
mentally directly accessible energy and angular distributions
of TPDI. To this end, we compare the energy-differential
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FIG. 5. (a) P(AE) for a pump-probe sequence with €, = 1 (L),
€, = — 1 (R) (see inset). P(AE) is resolved for the three different M
values of the final state. (b) P(AE) for a pump-probe sequence with
two left-circularly polarized pulses (€; = €, = 1, see inset) either or
one left- and one right-circularly polarized pulse (¢, = 1,€, = — 1).
The dashed-dotted line shows the difference of the two sequences.
The central photon energy of the pulses is 65 eV, their duration is
T, =1 fs, and their delay is 7 = 2.5 fs. The peak intensity in %
direction is 10> W /cm?.

double-ionization probability P(AE) for two polarization
scenarios: a left-left (L-L) pulse sequence (¢; = ¢; = 1) and
a left-right (L-R) sequence (¢; = 1, ¢ = —1). The abso-
lute value of P(AE = +£1.1 a.u.) near the sequential peak
is found to be larger for the L-L sequence than for the
L-R sequence. By subtracting now P(AE) of the L-R se-
quence from P(AE) of the L-L sequence [dash-dotted line
in Fig. 5(b)] the structure of the two well-separated sequential
peaks emerges. This difference spectrum coincides very well
with the M = 0 spectrum of the L-R sequence [Fig. 5(a)]
and gives access to the polarization tagged spectrum without
actually resolving M. This selectivity can be easily understood
from angular momentum coupling arguments. After absorb-
ing the first left-handed photon, the singly ionized state lies
in the L = 1, M = 1 channel. During the second pulse the
transition amplitude for absorbing another photon is the same
irrespective of the polarization apart from the prefactor which
is given by a Clebsch-Gordon coefficient. If the second pulse
is also left-circularly polarized the only relevant Clebsch-
Gordon coefficient for couplingtoM = 2is (1, 1, 1, 1]2,2) =
1. For a right-circularly polarized second pulse there
are two pathways to M =0 with Clebsch-Gordon coef-
ficients (1,1,1,—1]2,0) =1/+/6 and (1,1,1,—1|0,0) =
1/+/3. Squaring and adding those coefficients the probability
to absorb one photon out of each pulse from an L-R sequence
is half of the L-L sequence. Consequently, by subtracting the
L-R from the L-L signal the yield of the electrons is exactly
the same as if we would have selected just the electrons which
absorbed one photon out of each pulse in the L-R scenario
resulting in electrons with M = 0.

allM . M=2 M=0 M=2 __

——

FIG. 6. Joint

angular distributions P(6; = 6, = 90°, ¢; =
0°, ¢,) of the ejected electrons for an XUV pulse with polarization
€; = 1 followed by an XUV pulse with (a) €, =1 or (b) ¢, = —1.
(c) same as (b) but for ¢, = 0.9 and €, = —0.9. All pulses have
photon energy /iw = 65 eV and a pulse duration of 7, = 1 fs. The
different lines correspond to different values of M of the final state.
All distributions are normalized to the maximum value of the total
probability distribution shown in (a) (summed over all M).

C. Joint angular distributions

We now turn to the joint angular distributions of photo-
electrons emitted in the XUV-XUV pulse sequence in the
polarization plane (8, = 6, = 90°) and fix the emission di-
rection of the first electron to ¢; = 0°. We study differences
and similarities in P(¢,) = P06 = 6, =90°, ¢; = 0°, ¢p)
for the L-L and L-R pulse sequences [Figs. 6(a) and 6(b)
respectively]. The angular distribution for an L-L sequence
[Fig. 6(a)] closely resembles P(¢,) of a single pulse of
comparable duration (Fig. 2). The distribution features a
modest suppression due to dynamical Coulomb correlation for
side-by-side emission but is otherwise close to rotationally
symmetric. Since the L-L sequence has the propensity to
populate M = 2, the distribution from summation over all
M is essentially indistinguishable from the distribution for
M =2 alone. An entirely different picture emerges for the
L-R sequence [Fig. 6(b)]. The angular distribution P(¢;) is
peanut shaped. Its origin can be traced to the contributions
from different M channels which contribute to P(¢;) in the
L-R sequence. While the M = +2 components mirror the
distributions for the L-L sequence, the M = 0 component
features a dipolar pattern with a nodal line along ¢, = 90°
causing the indentation of P(¢,).

This particular shape allows us to associate the emission
direction with the (non)sequential timing of the two-electron
emission. The joint probability near P(¢, = 90°) is exclu-
sively due to the quasi-simultaneous emission from the same
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pulse. Conversely, the joint probability near P(¢, = 0°) is
predominantly due to sequential emission of the two electrons
spaced in time by v = 2.5 fs. In the present case of a rela-
tively long pulse of 7, =1 fs the sequential contribution is
well above 50%. In the limit of even shorter pulses (7, —
0), P(¢, = 0°) tends to become completely sequential [see
Fig. 2(b)].

To check for the robustness of our results against imper-
fection of circular polarization, we also perform simulations
for a sequence with €; = 0.9, ¢, = —0.9. The pulses have
the same duration and energy as above. While the overall
yield decreases with decreasing ellipticity, the characteristic
shape of the angular distribution remains largely unchanged
and structurally stable [Fig. 6(c)]. It should be noted that the
angular distribution for € # =£1 does not only depend on the
relative angle ¢; — ¢,, but on both azimuthal angles explicitly.

V. CONCLUSIONS

We have explored the effect of ellipticity on two-
photon double ionization, extending previous investigations
of this two-electron process by linearly polarized fields, e.g.,
[24-26,30-33]. We have shown that for a single ultrashort
circularly polarized XUV pulse the imprint of dynamical
Coulomb correlation on the joint angular distribution ap-
pears more prominently compared to ionization with a lin-
ear polarized XUV pulse because the distortion due to the
nodal structure of a dipolar emission pattern is absent. For
a sequence of two ultrashort XUV pulses with, in general,
different polarizations it is possible by polarization tagging to
control temporal interference patterns in the angle-integrated
double-ionization probability P(E, E;) and to map the timing
of the emission events onto the joint angular distribution.
With new HHG-based XUV sources with higher intensities
as well as FEL-based sources with improved control over
the temporal structure of the light field, these features should
become experimentally accessible.
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APPENDIX: INTERFERENCE PATTERN

Employing second-order time-dependent perturbation the-
ory (see, e.g., [26,33,51,54]) the interference pattern observed
in the angle-integrated double-ionization spectrum P(E;, E»)
for a pump-probe sequence can be described quantitatively.
The transition amplitude for two-photon double ionization is

accordingly given by

6) v "
ti—)f = — I / d[]/ dtz ettt gttnit2
n —00 —0oQ

x (fIV@D)In)(n|V (t2)]i), (A1)

with E¢, = E; — E, and E,; = E, — E;. The initial state i) is
the ground state and the final state | f) = |E|2;, E;€2;) is the
double continuum. The sum runs over all intermediate two-
electron states |n).

To calculate the transition amplitude to the final state for
the different (L, M) channels [ti(i) f]L uy We project onto the
final state |E;, E,, L, M). The two-plioton double-ionization
probability is then given by

P(E|,Ey) = ’[ti(i)f]L,M’z'
LM=(2,2),(2,0),(2,~2),(0,0)

(A2)

We employ the velocity gauge, i.e., V(t) = (p; + p,) - A(t) =
fu - A(t). Expanding ft - A(¢) in spherical tensor components
yields

1
R-A@) =Y (1A,

q=—1

(A3)

where the spherical tensor components are defined as 7| =
—(T, +iT})/v2 and T_y = (T, — iT})/v/2, Ty = T.. Using
the vector potential [Eq. (3)] in rotating-wave approxima-
tion [A(f) ~ % f(t)e ™ (i% — €9)] the spherical components
of the field are A, = —i(1 — €)Aof(t)e ™ //8, A_| =
i(1 4 €)Aof(1)e ™ //8, and Ay = 0. Inserting into Eq. (A3)
yields

A = [ +e)+ a1 - 6)]i%f(t)ei“”

= :aeA(t)

Within the rotating-wave approximation i, can be expanded
as a function of spherical harmonics

(A4)

fle oc —(1 + )Y, + (1 — )y, (A5)
Using Eq. (A4) we can simplify Eq. (Al):
(12 1o = I (v, Ex, L, Mlfcln) {n| i)
X GlEfn, Eni, A(1)], (A6)

with
_ Iy h . o _
GLE s Evis A(1)] = / dn, / dty E G A ()AL,
—0Q — 00

(AT)

We note that the shape function G is fully determined by the
temporal envelope f(¢) and the central frequency of the pulse.
To leading order only the intermediate state with one electron
in the p continuum and the other electron bound in the ls
state of He™ contributes (|ng) = |E;p, 1s)). The contribution
of shakeup intermediate states is small (see Fig. 5).
Assuming only the on-shell intermediate state by absorb-
ing the first photon with ellipticity €; and the second with
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ellipticity €;; the matrix element in Eq. (A6) is given by
My, = — (A +en)1+ €)1,
Mo =+ €)1 —€)Cr 01,1
+ (1 — e+ €)Cr 0.1
=2(1 — e€1)C 0,11,
My 2= —(1—e€)—e)Co21,-1,
Moo =1+ €)1 —€)Co0:1.-1
+ (1 — e+ €/)Co,0.1.1
=2(1 — es€11)Co.0:1.1, (A8)
with Cp, p.1r p being the product of Clebsch-Gordon coeffi-
cients and the reduced matrix elements containing the mo-
mentum operators P, and p_;. (L', M’) are the total angular
momentum and magnetic quantum number of the intermedi-
ate state |no), and C3,0.1.—1 = Ca,0,1.+1, Co.0:1,-1 = Co.0:1,+1-
To calculate the shape function G [Eq. (A7)] we distinguish
whether both photons are absorbed within one pulse [G®] or
one photon out of each pulse is absorbed [GV]. GV can be

easily calculated since the integration limits in Eq. (A7) are
independent in this case,

GVE, Ewi, A1)
I . _ Iy . _
= / dt; eErA(n) f dt, B2 A(t,). (A9)

Inserting the envelope of the pulse we get

A2 (T , wt
G(En, Epi, Ao, Ty) =—0/ dty & Eni=®N cog? (—l)

8 )1, 27,
T,
X f dty ' (En=0)2 co62 <n_t2>
) 2,
(A10)

For long pulses, the total energy of the final state is accurately
determined to be E; + E» = 2w + E and we can write GV as
a function of (Ey, AE)

2 T,
GV (AE) :%f ’ dty OEH=B/2 (42 <7T_t1>

1, 27,

% (—AE+h—Iny2 2 [ 12
X / dty e CAEFLTIR2 062 (2} (ATD)
o 27,

GW(AE) depends only on AE but not on Ei. Furthermore,
for sufficiently long pulses, GV (AE) and G)(—AE) appear-
ing in Egs. (6) and (7) have vanishing spectral overlap. Con-
sequently, mixed terms of the form GV(AE)GM(—AE)]"
vanish [see Egs. (6) and (7)].

G® is given by [26]

GP(AEy, AEy, Ao, T)y)

A2 1, 2
= §0 / dt / At F(AEp, t1, T)F(AE,, 2, Ty),
7TP *Tp
(A12)
with

F. 1. T) = ¢ cos? <”—’) (A13)

2T

where AEs, = Ef, — w and AE,; = E,; — . As for G we
use that for long pulses the total energy of the final state
is accurately determined to be E; 4+ E» = 2w + Ey. This en-
forces AEy, = —AE,;. Changing the variables from (E}, E»)
to (Ewt, AE) one obtains

g(Z)(AEfna AEy;, AOv Tp)

=GP((L — I — AE)/2, —(L, — I} — AE)/2, Ao, T)).
(A14)

Also the shape function G® depends only on AE and not on
Eior. As shown in [26] the amplitude of two-photon absorption
within one pulse is given by A% = GP(AE) + GP(—AE).
For a pump-probe sequence where the first pulse has
ellipticity €, and the second €;, the transition amplitudes are
given by
(12,15, oc(1+ &) AP (AE)e " Frtr
+ (14 &) AP (AE)e T
+ (1 + €)1+ &)GV(AE)e 1R

+ (I + e+ )GV (—AE)e 7R,
(A15)

2

i—f

lo_p o< (1 = e)> AP(AE )~ F1HET
+ (1 — &) AP(AE)e T
+ (1 =N —e)GV(AE)e " BThT
+ (1= el — )GV (=AE)e TR,

(A16)

[ti(z—zf]z,o o (1 — GLZ)A(z)(AE)e_i(E‘+E2)t

+ (1 — e%)A@)(AE)e—iEor

+ (1 —eae)GV(AE)e ke

+ (1 — e16)GV(~AE)e BT (A17)
(12 Jop (1 = ) AP AE)e 6115

+ (1 — Gg)A(Z)(AE)e—iEM

+ (1 — 616)GV(AE)e " Er =T

+ (1= )GV (—=AE)e BT (A18)

For the L-L and L-R sequences, these equations simplify
drastically. For the L-L sequence

[ti(i)f]m o AD(AE) (e (E+EIT | p—iEoT)
+ g(l)(AE)e—i(El—lz)r
+ g(l)(_AE)e—i(Eg—Iz)r,
while
[ti(i)f]z,o = [[i(i)f]2,72 = [tt(i)f]o,o =0.

2) ]
i—>f12,
ferences. For the L-R sequence we have

5 .
[tigf]z,z o<.A(2)(AE)e I(EHrEz)t’

Consequently the [z , terms fully account for the inter-
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(12,1, _, < AD(AE)e™ 5,

i—f

[I(Z) ]2 ) & g(l)(AE)e*i(El —h)t + g(l)(_AE)e*i(Ezflz)f’

i—>f

[I(Z)

( f] o(g(l)(AE)e—i(El—Iz)f +g(1)(_AE)e—i(Ez—12)T
i—f10,0 *

Since GW(AE) and GV(—AE) have vanishing spec-

tral overlap the only terms in [ti(i)f] 20 and [ti(i)f] 00~

GMO(AE)GV(—AE)]" that could produce interferences van-
ish. Consequently there are effectively no interfering paths
and hence no interference pattern in P(E}, E,) for the L-R
sequence.
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